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Abstract

Distributed systems are increasingly common and it is therefore important to
ensure that they are error-free. We are interested in how they exchange infor-
mation and more particularly in the property of synchronizability. A system
is synchronizable if its behaviour when considering asynchronous communi-
cation is the same as in the case of synchronous communication. Systems
are modelled as networks of communicating automata and we focus on peer-
to-peer and mailbox communications. By reducing the Post correspondance
problem to synchronizability, we give an alternative proof that synchroniza-
bility is undecidable for peer-to-peer systems and prove that it is undecidable
for mailbox systems with finite states.
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1 Introduction

We observe an increasing use of distributed systems in different domains,
such as embedded systems, multiprocessor hardware architecture, commu-
nications protocols, web applications, etc. It is necessary to ensure proper
functioning and absence of errors, especially for the most critical which could
cause damage in the event of malfunctioning. This requires an understan-
ding of how these systems work and what the sources of errors may be. A
distributed system is composed of many components, named peers. Peers
exchange messages to coordinate and reach a common objective. Usually,
such communications are asynchronous. This entails that a message sent
can be stored for an indefinite time before it is read. This asynchronous
communication is error prone, because it is difficult to implement and to
execute in a reproducible way. Whereas synchronous communication, where
a message is sent and received simultaneously, can easily be executed in a re-
producible way. For the same underlying system, the number of possible be-
haviours is, in general, greater with asynchronous communication than with
synchronous communication. Since synchronous communication is easier, we
are interested in identifying all those systems whose synchronous behaviour
is the same as the asynchronous one. In other words all those systems where
the type of communication does not influence the overall behaviour. This
property is called synchronizability.

“Real” distributed systems may be rather complex, combining advanced
hardware features as well as involved management algorithms. Our focus is
on communication, therefore we will abstract away from any implementation
details. We choose to work with networks of communicating automata |?, 7|,
that are a standard model for distributed systems and they allow to rea-
son about communication protocols [?, ?|. Communicating automata, in-
tuitively, are finite state automata where arc labels represent channels and
allow to exchange messages in a network of automata or peers. Communica-
tion between peers can take different forms, here we only consider commu-
nication via FIFO buffers, either used in a peer-to-peer fashion (one buffer
per pair of machines), or operating as a mailbox (one buffer per receiver).
Asin [?, 7, 7, 7|, we assume that these buffers are unbounded because in
general, we cannot compute the number of messages that the buffer is likely
to contain (the problem is undecidable).

Most problems on synchronous communicating automata are decidable,
as for example the problem of reachability, while conversely, the majority of
problems on asynchronous communicating automata are undecidable. The
intringic complexity of asynchronous distributed systems and the simplicity
of synchronous ones lead us to the notion of synchronizability: a system is
synchronizable if any asynchronous behaviour can be mimicked by a syn-
chronous one that contains the same send actions in the same order. This
notion has already been studied, particularly in [?] by Basu and Bultan,



where the authors claim the decidability of synchronizability. Nonetheless,
in [?] Finkel and Lozes show that previous claim is false. They prove the
undecidability of the synchronizability for peer-to-peer systems and give a
counter-example that the synchronizability for mailbox systems is not deci-
dable. We will comment more on their work in Section ?7?7. Summing up, the
synchronizability for peer-to-peer systems is undecidable but the problem for
mailbox systems is still open.

The objective of this report, is, thus, to assess the decidability
of the synchronizability for mailbox systems. We prove the undeci-
dability of the synchronizability for mailbox systems, with some additional
constraints, resorting to the Post correspondence problem which is an unde-
cidable problem. Moreover, the study of the decidability of synchronizability
led us to an alternative proof of undecidability, different from the existing
one, for peer-to-peer systems. Networks of communicating automata can be
big and complex, so it is normal to use tools to analyse them. We use a tool
and adapt it to meet our needs (STABC, discussed in Section ??) to check
whether a system is not synchronizable.

Overview. In Section 7?7, we define networks of communicating automata,
synchronizability, and the Post correspondence problem. In Section 77, we
introduce the tools: CADP and STABC and describe their uses and the
changes we have made to STABC. Sections ?? and ?? concern the decidabil-
ity of the synchronizability problem for peer-to-peer systems and mailbox
systems, respectively. In Section 7?7, we comment on previous works dis-
cussing the notion of synchronizability. Finally, Section ?? concludes this
report and opens up some perspectives.

2 Preliminaries

2.1 Communicating automata

A communicating automaton is a finite state machine that performs only two
basic operations to move from a state to another: either sending or receiving
messages from other communicating automata. A network of communicating
automata, or simply network, is a parallel composition of a finite set P of n
peers. In a network, communicating automata can communicate with each
other. We consider a finite set of messages M. Each message in M consists
of a sender, a receiver, and some finite information. We denote a?~9 € M
the message sent from peer p to peer ¢ with information a. For all messages
aP=1, /"' =17 ¢ M, we assume the following:

1. p# g, i.e., a peer can not send a message to itself,

2. if a = @’ then p=p' and ¢ = ¢, i.e., each information can be sent by
a unique sender and can be received by a unique receiver.



Thanks to the second assumption, we will sometimes omit the peers and
simply write a for a message a?7? in M. An action is the sending or the
reception of a message, we denote !m the sending and ?m the reception
of m € M. Therefore, we define Act, = {la?7? | a?79 € M,q € P} U
{?a97P | @97P € M, q € P} the set of actions for peer p.

Definition 1 (Network of communicating automata).
Let N = ((Ap)pep, M, F) be a network of communicating automata, where:

e For each p € P, A, = (S,, s, M,—) is a communicating automaton
with
— a finite set S, of states
— sp € S a distinguished initial state
— —p €5, x Act,, x S, a transition relation;

o I C [[,cpSp is the set of global final states, where [ denote the
cartesian product.

Example 2.1 (Network). Consider network N' = ((A1, As, A3), M, F) de-
picted in Figure 77, Its initial state is (8(1), sg, 58), the set of global final states
is F = {(s},5%,s3)}, and finally the set of messages is M = {a'73;6>73}.

: : !a1—>3 : : !b2~>3

_)@ 2173 m 2p2—3 @
N

Figure 2.1: Network A/

Remark 1. Notice that state st is depicted by a circled i in the figure. Final
states are depicted with a double circle.

Different communication types can be associated to the same network.
We call a system a network together with a communication type. A sys-
tem can communicate synchronously or asynchronously. In a synchronous
communication, each message sent is immediately received. A message can
not be sent if it can not be received. In an asynchronous communication
instead, messages are stored in FIFO (First In First Out) buffers, which can
be bounded or unbounded. If a buffer is of size k, we can talk about a k-
bounded buffer. A FIFO buffer is an ordered data structure where data are
stored in a queue. When an element is added, it is stored at the tail of the
queue, and when a element is removed, it is taken from its head. Several
models of systems are possible.



e Synchronous (denoted 0): there is no buffer in the system, messages
are immediately received when there are sent.

e Peer-to-peer (denoted 1 - 1): there is a buffer for each pair of peers,
where one element of the pair is the sender and the other is the receiver.
A network with a peer-to-peer type of communication composed of n
peers contains n x (n — 1) buffers.

e Mailbox (denoted * - 1): there are as many buffers as peers, each peer
receives all its messages in a unique buffer, no matter the sender. A
network with a mailbox type of communication composed of n peers
contains n buffers.

We use configurations to describe the state of a system and its buffers.

Definition 2 (Configuration). Let N' = ((Ap)pep, M, F) be a network. A
0 configuration (respectively a 1 - 1 configuration, or a * - 1 configuration)
is a tuple C = ((s?)pep, B) such that :

e sP is a state of automaton A, for all p € P
e B is the content of all buffers:
— an empty tuple for a 0 configuration,
— a tuple (b12,...,by,—1)) for a 1 - 1 configuration and
— a tuple (by,...,b,) for a * - 1 configuration,
where each buffer content b; € M* is a finite sequence of messages.
We write € to denote an empty buffer, and BY to denote that all buffers
are empty. Co = ((sh)pep, B?) is the initial configuration. We write B{b;/b}

the tuple of buffers B where buffer b; is substituted by b.
Several systems can be defined according to the type of communication.

Definition 3 (Synchronous System). Let N' = ((Ap)pep, M, F) be a net-
work. The synchronous system N associated with N is the least binary
relation —0—> over 0 configurations such that

(0 SEND) sP _1af’—"1>p s'P 59 —?ap_ﬂ%q s
1gP—a
((s',...,8s", ...,8%,...,s"),BY) 2— ((s',...,s",....¢9, ... s"),B"

In a synchronous system, there is no buffer. A message can be sent if
a transition laP~? exists in the sender automaton p and the corresponding
reception ?aP~? exists in the receiver automaton g. As a result, the commu-
nication takes places and both automata p and ¢ change their state.

In order to simplify the definitions of traces and language (given in what
follows), and without loss of generality, we choose to label the transition with
the sending message laP—9.



Definition 4 (Peer-to-peer System). Let N' = ((Ap)pep, M, F') be a net-
work, and let k € NT U {oo} be a fixed buffer bound. The peer-to-peer

system N, _;» associated with A and k is the least binary relation —
1-1
over 1 — 1 configurations such that:

e for each configuration C' = ((sP),cp, B), B = (bpq)p,qep Where b,y € M*
is of length |b,q| < k.

* — is the least transition induced by:
1-1k

laP—4

P ——, s bpg| < K

(1-1 SEND) .
((st,...,8P,..., s"),B)?((sl, vy 8P 8™), B{bpg/bpq - a})

ga T, g by =a-b
(1-1 REC) 1 e b

?aP—4

——((s1,...,5%,...,s™), B{bpq/b;q})

((sh,...,s%,...,5"),B)
1-1F

Definition 5 (Mailbox System). Let N' = ((Ap)pep, M, F') be a network
and let k¥ € Nt U {oo} be a fixed buffer bound. The peer-to-peer system

N, _y» associated with A and k is the least binary relation —— over x —1
*—1
configurations such that:

e for each configuration C' = ((sP)pep, B), B = (by)pep where b, is of
length |b,| < k.

° —k> is the least transition such that :
*—1

sP ﬂ)p s'P |bg| < k

((st,...,sP,...,s"),B)

(*-1 SEND)

laP—4

—k>((sl, sy 8P 8™), B{by /by - a})

q 19 _ N
s ———y s by =a bq

((s',... 8%, 8"), B)——((s",...,s',...,s"), B{bg/b}})

(*-1 REC)

In peer-to-peer and mailbox systems, a sending can be done if the transi-
tion laP~7 exists in the state of sender automaton p and if the target buffer
is not full. The message is put on the tail of the buffer. A reception of a
message can be done if transition 7aP 7 exists in receiver automaton ¢ and if
this message is at the head of the buffer. As a result, the message is removed
from the buffer. Notice that, in mailbox systems, a same buffer can con-
tain messages from different senders, which, as we will see in the following,
imposes more constraints.

We describe the behaviour of a system with runs. A run is a sequence of
transitions starting from an initial configuration Cp.



Example 2.2 (Buffers layout and run). We use network N of Example 77.
The topology of the network is described in Figure 77.

N/

Figure 2.2: Topology of Network N/

Several buffer layouts are possible according to the type of communication.

e (Synchronous communication) In system Ny, there are no buffers. Mes-
sages are directly read by the receiving peer.

e (Peer-to-peer communication) In system N,_yk, there is one buffer of
size k per pair of peers. Figure 77 represents the system where the
buffers that are represented are the ones that are used for communica-

tions, namely byz and bas.
N2

Figure 2.3: Buffer layout of system Nj_;

o (Mailbox communication) In system N, 1k, there is one buffer of size
k per peers. The Figure 7 represents the system with depicted the only

used buffer bs.

ba | v |
Figure 2.4: Buffer layout of N, 1

Clearly each type of communication gives rise to different runs. We give
an example of run for each type of communication.



e (Synchronous communication) The only possible run is:

! 1—3 !b2~>3
((8(1)733738)7@) aT> ((3%73373%7@) T> ((8%75%73%)70))

e (Peer-to-peer communication) A possible run is:

1p2—3
((50, 50 50): {b13 = €, bag = 6})b—1>((8678%780) {b13 = €,ba3 = b})

1 .2 .3 o _ la!l™3 1 2 3 _ o
((507 515 50)7 {b13 =¢€,bz = b})T((Slv 515 50)7 {b13 =a, by = b})

1—3
((s1, 7, 50), {b13 = a, by = b})T((SiSDSJ {b13 = €, ba3 = b})

?b 2—3

((s1,57,83), {b13 = €, bas = )= ——((s1,51,53), {b13 = €, bz = €})

o (Mailbox communication) A possible run is:

1p2—3

((SOvSOa 50) {bs = 5})——9((50’51750) {bs =b})

(58 5%, 58), {bs = b)) (51, 83, ), {bs = ba})

We remark that with the same sendings, we can not reach the same global
state with system Ni_1~ and N,_1. Indeed, as said earlier, mailbox com-
munication imposes more constraints. As we have one buffer for As, no
matter the sender, and this buffer is a FIFO (First In First Out), we can
not receive a before b while b was sent before a.

Let com € {0;1 — 1%;x — 1%} be the type of communication with & the

size of buffers, we define ——* as the transitive reflexive closure of —. We
com com

. 7% . . laP—4
denote with —— a sequence of receptions only and with = a sequence of
com com

|, P— *
the kind ﬂ>?—>, that corresponds to one send followed by zero or more

. com com
receptions.

In order to study the behaviour of systems, we define the set of traces
and the associated language. A trace t is a sequence of actions.

Definition 6 (Trace). Let N = ((Ap)pep, M, F') be a network and
com € {0;1 — 15 % — 1’“} be the type of communication with &k the size of
the buffers. T'(Neom ) is the set of traces defined by

T(WNeom) = {acty - ... -acte | Co=801 222 | 2950}

com com com

where Cp is the initial configuration.

Similarly, a send trace t° is a sequence of sendings.



Definition 7 (Send trace). Let N' = ((Ap)pep, M, F') be a network and
com € {0;1 — 15 % — 1’“} be the type of communication with &k the size of
buffers. T%(Neom) is the set of send traces such that

Ts(Ncom) = {aCtl © ... acte | Co % Ch g a—ﬁg Ce}
com com com

where Cp is the initial configuration.

For a synchronous system, the set of traces is the same as the set of send
traces, because of the labelling of the transitions.

Property 1. For all network N, we have T'(Ny) = T*(Np).

A final send trace ¢t/ is a sequence of sendings where the last configura-
tions reached contains a final global state.

Definition 8 (Final send trace). Let N' = ((Ap)pep, M, F) be a network
and com € {0;1 — 1 % — 1"”} be the type of communication with k the size
of the buffers. T/ (Neom) 1s the set of final send traces such that

TI (Neom) = {acts .. -act, | Co 228 €1 &5 2% ¢,
com com com

where Cj is the initial configuration and C, = (Sg, B) with S, € F.

Remark 2. In Definition 77, we decide not to take into consideration the
content of buffers, differently to others papers, like [1], where the authors
study stable configurations, i.e., configurations where buffers are empty.

The language is the set of all possible final send traces of the system.

Definition 9 (Language). Let com € {0;1 — 1¥;% — 1¥} be the type of
communication where k is the size of buffers and Neopm = (N, —) a system.
com

Its language is £(Neom) = T (Neom ).
Example 2.3 (Traces and language). We use network N of FEzample 77.
The set T(N,_2) of system N,_;2 is composed of traces:

° !ala{s . !b2~>3 . ?a1~>3 . ?62a3

° !a1a3 . ?ala:} . !b2%3 . ?62—)3

° !b2~>3 . !a1~>3

and of all prefizes of these traces.
The set of send traces of this system is:

TS(N*_12) — {!a1~>3; !b2~>3; !ala?, . !b2~>3; !b2%3 . !ala?)}
The set of final send traces of this system is:

THN,_2) = {la'™3 - 1273}



Indeed, the send trace 0>73 - 1a'™3 does not allow to reach a final global

state, because after these sendings, the system is in configuration

¢ = (( %75%)83)’ {b3 = ba})

where As cannot reach state s3. Thus, the system cannot reach its global

final state, so this send trace is not a final send trace.
The language of system N, _q2 is L(N,_j2) = {la!73 - 16273},

Remark 3. In what follows, we will sometimes consider networks N that
do not have final states, which amounts to having all final states. We notice
that in these cases, L(Neom) = T (Neom) = T°(Neom), i.¢., their language
corresponds to their set of send traces.

2.2 Synchronizability Problem

A system is synchronizable if its asynchronous behaviour can be related to
its synchronous one. Thus, an asynchronous system is synchronizable if its
language is the same as the one obtained from the synchronous system. More
precisely:

Definition 10 (Synchronizability). Let type € {1 — 1;%x — 1} and N be a
network. A system Nyypeo is synchronizable if and only if

ﬁ(Mype“) = E(NO)

The Synchronizability Problem is the decision problem of determining
whether a given system is synchronizable or not.

When a system is not synchronizable, we can be interested in its stability.
A system is k-stable if increasing the size of buffers does not change its
language. More precisely:

Definition 11 (Stability). Let type € {1 —1;%—1} and N be a network. A
system is k-stable if and only if

3k € Nt such that L(Nyyper) = L(Niype=)

2.3 Post Correspondence Problem

We will use the Post Correspondence Problem (PCP) to prove that the
Synchronizability Problem is undecidable.

Definition 12 (Word). Let X an alphabet, a word w = aqas...a, € X* is
a finite sequence of symbols, such that a; € ¥, Vi € [1,n].

Let w, € ¥* and wy, € ¥*, and m,n € N, such that w, = wq 1we2 . .. Wam
and wy = wp1Wp 2 . .. Wp,. The concatenation of w, and wy, written wq - wp,
corresponds to the word wq 1Wae2 - . - WamWp 1Wh2 - . . Wh . We denote |w| the
size of the word w.

10



Definition 13 (Post Correspondence Problem). Let ¥ be an alphabet with
at least two symbols. An instance (W,W’) of PCP consists of two finite
ordered lists of non-null words of the same length

— y / / /
W =wj,ws,...,w, and W = w},ws, ..., w,

such that w;, w] € ¥* for all indices i € [1,n]. A solution of this instance is
a finite sequence of indices Sol = (i1, 142, . ..1y) with m > 1 and V j € [1,m],
ij € [1,n], such that:

m 11 12 wi’m

We can represent the input as a set of n blocks:

1 2 n
w1 w2 Wn,
; : ... ;
w] Wy wy,

The PCP is an undecidable decision problem |7, ?].

Example 2.4 (Instance of PCP). Let ¥ = {a,b}.
Input: W = a,b,abab and W' = ba, baa, b, i.e.,

1 2 3
a b abab
ba baa b

We have a solution for this instance with S = (2,1, 3):

2 1 3
b a abab
baa ba b

where wy - wy - w3 = wh - Wi - wh = baabab.

3 Tools

We use some tools allowing to study networks of communicating automata
and verify properties such as synchronizability and stability. Notice that the
notion of global final state, and so the notion of final send traces are absent
in these tools. So, only in this section, the language of a system is defined
by the set of send traces.

11



3.1 CADP

CADP! is a generic toolbox for the design of synchronous concurrent sys-
tems [?], so it allows us to model and study our networks of communicating
automata. It based on concepts from CCS [?]. It takes the specification of
the system in the LOTOS language |?].

Here, we use it to generate and visualize the set of send traces in the
form of state graphs, but also to compare these state graphs according to
an equivalence notion. It is directly called by STABC, and we seldom used
CADP tools directly.

3.2 STABC

STABC? is a tool based on CADP, coded in Python. It takes as input
a network and determines if this network is synchronizable or k-stable by
calling CADP. CADP can manipulate only synchronizable systems, however
STABC generates LOTOS systems that encodes the bounded buffers. It
considers only mailbox systems.

It determines these properties according to an equivalence notion chosen
between branching, strong and trace (defined in [?]). It creates state graphs
of synchronous and asynchronous systems, considering either all messages or
only send messages, reduces it with the chosen equivalence notion before to
compare it, always according to this notion.

STABC claims synchronizability if the state graph obtained for the syn-
chronous system is equal to that obtained for the asynchronous system with
1-bounded buffers (property stated in [?]). To determine stability of a sys-
tem with k-bounded buffers, STABC compares state graph of this system
with the one of the system based on the same network with buffers of size
k + 1 (property stated in [?]).

We can write the pseudo-code of the algorithm used to determine syn-
chronizability and stability to understand it (Algorithm ?7?). We give to
STABC a network N, an equivalence notion eq and an integer kyq.. We
write ~¢4 to denote the equivalence between two systems according to the
equivalence notion eq. We write compute to indicate the building of state
graph of a system.

Note in this algorithm that STABC is based on properties that, as we
will see below, are not trustable. We actually modified STABC to detect
non-synchronizability.

3.3 Modifications and uses

Theorem 2 in [?] claims that if the language of an asynchronous system with
1-bounded buffers is the same than the one of the synchronous system based

'https://cadp.inria.fr/
http://convecs.inria.fr/people/ Gwen.Salaun/Tools/index.html

12



Algorithm 1: Pseudo-code of checkBruteForce()
compute Ny
compute N, 1
if Ny ~eqg N,_j1 then
| return “synchronizable”
else
k=1
while k < k4, do
compute N, _jr1
if N*_lk ~eq N*_1k+1 then
| return “k-stable”

else
| k+—k+1

end

end

end

on the same network, then this system is synchronizable. More formally, for
a network NV, if L(Np) = L(N,_j1) then L(Ny) = L(N,_1). This theorem
is used by STABC to determine the synchronizability.

A counter-example (Figure 7?) in [?] demonstrates that this theorem is
false for mailbox systems.

1,1—2 1,1=2 131=3
lat 7% la~7= b

?b1—>3
Ar O @, O O As
702—>3 702—>3
r;a1—>2 7a1—>2 7d3—>2 |62—>1 <J> ? .
! ! ! : 2pl—3 143—2
O-—0—0—0 LA

1023 2a17 10273
2q1—2 2432
A O—0
1c2—3 O/f)al%2

Figure 3.1: Counter-example 1 (from [?])

The message e>~! can be sent only if buffers are at least of size 2. There-

fore, this network contradicts the theorem. Indeed, we have:
L(No) = LIN,_11) # LIN,_2)

We want to confirm it using STABC. However, as mentioned earlier,

13



Algorithm 2: Pseudo-code of checkMyStrat()
compute Ny
compute N, 1
if Ny ~weak ./\/’*,11 then
| print “L(No) = LN,_11)”
else
| print “not synchronizable”
end
k=1
while k < k4, do
compute N, _jx1
if N*_lk ~weak N*_1k+1 then
| print “L(N,_jx) = LN, _jr+1)”
else
| print “not k-stable”
end

k+k+1
end

STABC uses this same theorem to determine synchronizability and compares
only the state graphs of the synchronous system and the asynchronous system
with 1-bounded buffers. Therefore, we need to modify this tool to verify the
validity of this counter-example, i.e., compares these state graphs but also
the one of the asynchronous system with 2-bounded buffers. Moreover, the
notion of equivalence that we want to use (which corresponds to the notion
of send trace) is the weak equivalence (defined in [?]). STABC is not able
to use it, but we can modify it to use this notion which is already present in
CADP.

Therefore, we defined a new function, checkMyStrat(), based on a func-
tion, check BruteForce(), already implemented in STABC. checkMyStrat()
creates state graphs of the synchronous system and compares it with the one
of the asynchronous system with 1-bounded buffers. If they are different,
the system is not synchronizable. Then, the asynchronous system with 1-
bounded buffers is compared with the asynchronous system with 2-bounded
buffers, and so on until it finds a difference or it reach a bound passed as a
parameter of the function. Thus, with this new function, STABC can not say
if a system is synchronizable or k-stable (it would be necessary to compare
it to the system with unbounded buffers, which CADP cannot handle) but
can say if it is not. Algorithm ?7 gives the pseudo-code for checkMyStrat()
function.

We have tested our function on the network of Figure 77. As expected,
our function indicates that the set of send traces of the synchronous system
is equal to that of the asynchronous system with a 1-bounded buffer, and

14



that the set of send traces of the asynchronous system with a 1-bounded
buffer is different from that of the asynchronous system with a 2-bounded
buffer.

This theorem being false, Theorem 1 in [?], which claims a condition to
ensure stability (similar to the one of synchronizability), seems to be false as
well. This theorem claims that, if an asynchronous system with k-bounded
buffers has the same language as the same asynchronous system with buffers
of size k + 1, then this system is stable. More formally, for a network N/, if
LN, _1x) = LN, _qx1+1) then LN, _x) = L(Naz1).

We want to confirm that this theorem is false, building a new counter-
example, depicted in Figure 7?7, inspired by the previous one, and testing it
with the modified STABC.

]a1—>2 |a1—>2 |a1—>2 |b1—>3 7b1—>3
A O—O0—0—0—>0 As
76243 ‘702—)3
7b1_>3? ?dfﬁ—ﬂ
1—>2 7 1—2 2412 7d3—>2 |,2—1
a fa ! e
O O o O
2—>3
1—>2
al—2 2a 1%20<$ ! ?ddaz
> 07 o
2a 1%2

Figure 3.2: Counter-example 2

As expected, message e can be sent only with buffers of size 3 at least,
and so we have:

LNo) # LN 1) = LIN_12) # LN, _13)

that contradicts this theorem.

Remark 4. In the journal version of this paper [?], published in 2018, the
authors define differently the notion of Asynchronous composition with FIFO
buffers. Theorem 1 with the new definition appears to be true.

The changes to STABC allowed us to detect some errors in the PCP
encodings that we tried while working on the conjectures of the following
sections.
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4 Synchronizability Problem for Peer-to-peer Sys-
tems

In this section, we show the undecidability of synchronizability for systems
with peer-to-peer communication. The proof is a reduction from PCP. We
encode an instance of PCP into a network of communicating automata. We
denote N = [W, W']P?" the encoding of instance (W, W'). We prove that a
solution to this instance exists if and only if

L(No) # LIN1-1)

4.1 Peer-to-peer Encoding of Post Correspondence Problem

The encoding of an instance (W,W’) of PCP is the parallel composition of
four automata : Aw, Ay, Ap and A;. The topology of the network is

depicted in Figure 77.
——
\
A
o
——

Figure 4.1: Topology of N/

Aw and Ay send a sequence of indices to Aj and corresponding words
to Ap. Aj checks whether indices sent by Ay and Ay are the same, and
A, does the same with letters.

Message ok allows to know if both comparisons, letters and indices, have
succeeded. If the comparison of letters succeed till the end of both sequences,
then Ay can send a message ok to A;. Whenever Aj fails, it goes to a state
where it can receive message ok. But, if comparisons of indices succeed till
the end, Aj finish in a state where it can not receive it.

The global final state of this encoding is reached when Ay and Ay have
sent messages indicating the end of their words, when A and A, succeeded
all their comparisons, and when A; have also sent message ok.

Notice that with synchronous communication, a message can not be sent
if it can not be received. Thus, if the instance of PCP has a solution, the
comparison of letters and the one of indices have to succeed. But within
synchronous communication, message ok can not be sent. Whereas within
asynchronous communication, message ok will be sent and the final global
state will be reached.



More formally, we define the encoding as follows:

Definition 14 (Encoding of PCP in peer-to-peer system). Let (W W’) be
a PCP instance over ¥, where W = wq,...,w, and W = w},...,w},. The
encoding of (W,W’) is [W, W'|P?P = ((Ap)pep, M, F) where:

o P=(W,W' L,I);
e The set of messages is
M={" 2 ie,nu{SV" u {7t | a e} U {endV U
(V' e Ly UV UV T | a e SIU
{end™'2EY U {0k}

e Aw = (Sw, sy, M, —y) where:

Sw = {‘Ianfa%,qe} U {Qi,j i€ [1,n],j €0, |wi| —1] }

W _
80 _qo 1W—=I
—w={q —— G | i €[l,n]} (1)
!aWﬁL
U{di; — i1 |
Oézwm'_;_l,iE [1,n],j€[0,|wi\—2]} 2
laW—L .
U {qi,\wi|—1) E— ay ‘ O = Wy |w;|»? € [1,1”&]} 3

!,L'W%I

U{gy —— aio | 1 € [1,n]}

!$W—>I
U{gy — qg}

lendW —L
U{gg —— a.};

N N N N N
Tt
= =z I =z =

!
o Ay = (S, sy, M, —sy) where:

Sy = {QO} U {Qz,j | i€ [Ln]a] € [07 |UJ7{| - 1]} U {Qf’q$7Qe}

W/
S =(q
’ ’ W= .
—wr={q — ¢ | 1 € [1,n]} (7)
1aW' =L
U {qi,j — 7 i j+1 ‘
OKZIU;7J‘+1,Z.€ [17n]7j€ [0,”(1];‘—2]} (8)

!aW/—>L ’ .
UG jurjor — @5 [a=wj i € [1,n]} - (9)

!iW/—>I

U{gr — g0 | i € [1,n]} (10)
!$W’—>I

U{ey — qs} (11)
tendW' —L

U{egg —— a.}s (12)
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e A, =(SL,s, M,—>1) where:

SL = {q07q67q5/7q0k7Q*} U {qa‘a € E}

sk =q
0 0 ?O[W%L
—r={9p —— ¢, | @€ X} (13)
2a/W' =L
U{de —— ¢ | a € X} (14)
?IB/W’—>L
Ula, 220 g | BES, B4 a)
2end'W' =L
U {Q(x en—> CI*} (15)
? W' L ? d/WIHL
U{gp —— ¢.} U{gp —— ¢}
7ﬁW—>L ?endWHL
U{ge — ¢, [BEZtU{ta —— 4. }
W' L
U{g =“—— ¢, | a e} (16)
—L
U {g« g | mP~E € M} (17)
? dWHL
U{gp — ¢, } (18)
? d/W’—>L
U {qe m_°_> qer } (19)
lokL—1 .
U{de —— dor}: (20)

o A; = (Sy,sh, M,—1) where:

SI = {q07q$7q$/7q*} U {Qz ‘ (&S [17n]}

I __
SO B qo 2, W—I
—rr={ap — ¢; | i € [1,n]} (21)
?i/W’~>I .
U{e; —— aqo | i€ [Ln]} (22)
?leIHI

U{Qi—>Q* | ivke [Ln]al#k}

7$/W’ﬁ»1

U{g; —— ¢, | i€ [L,n]} (23)
24/ W' =1 ) 2g/W'—1
U {QO B Q*| (AS [].,’I’L]} U {QO — Q*}
2W' =1 .
U{q$ —_— qx ’ (S [1,77,]}
?kWHI .
U {Qi - q*’ Zak € [lvn]}
?$W—>I .
U{g; ——q. | i€ l,n]} (24)
?Z-/W’—ﬂ

?'W—>I . .
U{Q* l—> qx | (AS [17n]}U{q* — G4 | (S [17n]}

2gW—1 ?$/W’—>I
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U{g, —— 4, } (26)
?$W—)I

Ufgy — g5 } (27)
?$/W'—>I

Ufegg —— aq¢ }; (28)

o F={(¢, " db db)}.

Next, we give an informal explanation of previous definition. Please refer
to Figures 7?7 to 77 for a better understanding.

Automata Ay and Ay start in state g,. They choose independently an
index to send to A; (transitions ?? and ?7) and send letters of the corres-
ponding word to Ay (transitions ?? and ??). For each letter of the word,
each automaton sends a message and changes its state, until it reaches state
a4y (transitions ?? and ??). For example, in Figure ??, Ay can choose the
third word, sends message 3=, goes in state q3,0, sends all letters of ws
and so 1t goes in state g5 1, g3 9, g3 3 and finally qp- In the state dy Aw and
A can, either choose a new index (transitions ?? and ??) and send the
associated word, or send message $, resp. ¥, to A; (transitions ?? and 7?)
and message end, resp. end’, to Ay, (transitions ?? and ??), indicating the
end of the sequence.

Automata Az, and Ay start in state g, from which they receive letters, or
respectively indices, from Ay and Ayw-. For each letter, or index, from Ay,
that is in buffer by, or by, the automaton reads it, goes to the correspon-
ding state (transitions ?? and ??) and reads the first letter, or index, from
Aw in buffer by, or by 7. Either this letter, or index, corresponds to the
previous one and to the current state and the automaton goes back to state
qo (transitions ??7 and ?7?), or this letter, or index, does not match and the
automaton goes to state ¢, (transitions 7?7 and ?7). We can see this state as
a sink state. Indeed automata go in this state from any state when a mes-
sage is received and does not correspond to the expected one (transitions 77
and ?7). Once in ¢,, both automata can receive any message (transitions ?7?
and ?7?) but they cannot leave ¢,. For example, if Ay sends word ws and
then Ay~ sends wj, as we can see in Figure ?? and 77, A; receives 3W =1
goes in state g3, receives 3W=! and returns in state qp- However, Ay, receives
a7l goes in state q,, and receives YW =L that makes it go in state gq,.

When Ay, receive message end (transition ?7), it waits for corresponding
message end’ from Ay, If it receives it, it goes to state g, (transition ?7?).
From this state, it can send message ok to A; which signifies that all com-
parisons of letters have succeeded (transition ?7).

When Aj receives message $ (transition 7?), it waits for corresponding
message $ from Ay, If it receives it, all comparisons of indices have suc-
ceeded (transition ?7?) and it goes to state gg,. In this state, it cannot receive
message ok from Ajp. However, if a comparison fails, A; goes to state g,
where it can receive message ok (transition ?7).
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In synchronous communication, automata Ay and A read messages in
the same order as they are received, whatever the sender. So, the only
behaviour allowing A; to be in g¢, and Aj to be in g, involve that Ay and
Awr send alternately indices to Ay, and letters to Ay, respectively. However,
within synchronous communication, if A; and Ay, are in these state, message
ok can not be sent because it can not be received by Ay in state g, and so
the final global state can not be reached.

Example 4.1 (Encoding). We take PCP instance (W, W’) of Ezample 7.

Encoding [W, W'~ is network N' = ((A,)pep, M, F) with P = (W,W' L, I).

Figures 727, 227, 27 and 77 represent these automata.

1gW—1 @ lendV—L

N

!3W~>I
3,0 /3,.1\ 3,2 f,W—L
!aW%LU 1pW—L :

Figure 4.2: Automaton Ay,

: :|b/W’eL

1w =1

1

19/W'—1

©

N

!SIW/%I

!bIVV’~>L

Figure 4.3: Automaton Ay
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?6nd/W’—>Lm lokL—1
N

?a/ﬂ”ﬂL

2pW—L ?b/W’aL ?b/VV/%L

2end'WV' L

. /
?aW%L _)a/W —L
2pW—L 7b/W’—>L

2 WL 2 IW'L i i ,

fa i fa ?endWaL ?End/W —L

WL ?en

2endV L

2aW' =L
2pW'—L

Figure 4.4: Automaton Af,

2§W' =1

NW—T 99/W'—I

2QW—I  9g/W' =T

23W—IL  9gW'—1 2UW! I
2gW I 29/W'—=1
2g/W' =1

YW =1

23W=l 93W'—l WoI  gpW' =T

WL 9gW—l P9Wl  9gW' I
* P3W—T g1

2gW—1 ‘?$/W"—>I

21W—=1 ?1/VV’~>I

23/W'— ,
: 29W—I  99W'—=I

23W—I 7$/W’~>1
2eW—T

PUWI=T 9gW'I

29/W'—I ?$/W’~>I

Figure 4.5: Automaton A;

21



4.2 Undecidability of Synchronizability Problem for peer-to-
peer systems

We will prove that the asynchronous system, based on the encoding of a
PCP instance (W,W’), is synchronizable if and only if the instance has a
solution. Proofs of the results in this section can be found in Appendix ?77.

Indeed, the language associated to the synchronous system, based on the
encoding of this instance, is empty. The system can not reach its global
final state because of message ok which can not be sent since it can not be
received.

Lemma 1. Let (W,W’) a PCP instance and [W, W']P?*P = N its encoding
into communicating automata, then L(Np) = 0.

The language with a peer-to-peer communication is not empty if and only
if the instance has a solution. If the language contains a final send trace,
then the global final state was reached and it is possible only if comparisons
of A; and Ay, succeed. In the same way, if a final send trace exists, then we
can construct a solution of the instance from this.

Lemma 2. For all PCP instance (W, W’) with [W,W']|P?? = N, (W,W’)
has a solution if and only if LIN1_1) # (.

Finally, the encoding of a PCP instance is synchronizable if and only if
this instance does not have a solution. Indeed, the synchronous language is
always empty, and the asynchronous language contains a final send traces
only if it exists a solution.

Lemma 3. For all instance (W, W’) of PCP where [W, W'|P?? = N, (W,W’)
has a solution if and only if LINy) # L(N1_1).

From these lemmas, we can establish the undecidability of the synchro-
nizability for peer-to-peer systems.

Theorem 1. The Synchronizability Problem is undecidable for peer-to-peer
systems.

Remark 5. If we define all states of the network as final global state (which
is equivalent to not having the notion of final global state), the Synchroniza-
bility Problem s still undecidable. Our encoding needs few modifications to
establish the result.

Indeed, only A; needs to be modified. The idea is to check the state of
Ar (what we are already doing with message ok) but also the state of 1. We
want Ay, is in state q,,, and Aj is in state g/ which means comparisons
of letters and indices succeeded. To verify that, Ap send message ok from
state q,,,p to Ar. Ar can receive it in q, bul also in Iy (see Figure 77, which
corresponds to Figure 77 where only added transitions are wrote). If it is
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L—1 JI—L

— V@—»@D 20kL—1

Figure 4.6: Automaton 4; without final state

mn qé, and il receives ok, it can send ok’ to Ay, which is not able to read it.
Indeed, there is no transitions with this label. Thus, this message can be sent
only within asynchronous communication when comparisons of indices and
letters succeeded, so when there exists a solution to the PCP instance.

5 Synchronizability Problem for Mailbox Systems

Counter-examples of Section 7?7 put us on the path of the undecidability of
the synchronizability for mailbox systems. Thus, in this section, we show
the undecidability of synchronizability for systems with this type of commu-
nication. As in the previous section, the proof is a reduction from PCP. We
denote N' = [W, W] the encoding of an instance (W, W’). We prove
that a solution to this instance exists if and only if

L(Ny) # L(N—120)

5.1 Mailbox Encoding of Post Correspondence Problem

The encoding in mailbox system is different from the one with peer-to-peer
communication. Indeed, the fact that a same buffer can receive messages
from different senders poses a number of constraints. Ay and Ay~ have to
coordinate and alternate their sendings so that A; and Az do not receive
two consecutive messages from the same automaton.

As a counter-example, we consider instance (W,W’) of PCP of Exam-
ple 7?7 to show why the previous encoding does not allow to reduce the PCP
to the Synchronizability Problem for mailbox systems. As said before, Ay
and A have to be regulated. We will write send trace t° respecting this
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constraint and allowing to reach the final global state. We know that a
solution of this instance is Sol = (2,1, 3).

15 = 19W=I ,2/W’—>I WL |b/W’—)L .

(Aw is in state qg 80 to send a new letter to Ay, it has to send a new index

to .A])

W—=1 g W—=L ) W'=L

(Again, Ay is in state gy so to send a new letter to Az, it has to send a new

index to Aj.)
!
!3W—>I . !aW—>L . !alW —L

At this state, buffer by, of Ay contains: by, = bb'ad’ad’; but buffer b; of
A contains: by = 22/13 . So, comparisons of A; will fail. Indeed, the
difference of length of words makes that two indices of Ay have been sent
consecutively.

This system can not reach its final global state, so L(N,_1) = ), how-
ever a solution exists to this instance. Thus, this encoding does not allow to
reduce the PCP to the Synchronizability Problem for mailbox systems.

We have to define a new encoding to mailbox system. The encoding of
an instance (W,W’) of PCP is a parallel composition of four automata : By,
Bw, By, and Byr. In this encoding, By sends the same indices to By and
By which sends the respective words to By,. By, compare letters and, at the
end of the run, its state allows to say if a solution exists. The topology and
the buffer layout of the system is depicted in Figure 77.

— [a1]

AN

By

Figure 5.1: Topology of N/

More formally, we define the encoding as follows.

Definition 15 (Encoding of PCP in mailbox system). Let (W, W’) be a PCP
instance over X, where W = wy, ..., w, and W' = w], ..., w},. The encoding
of (W,W") is [W, W™ = ((A,)pep, M, F) where:
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e P = {[’le’L};
e The set of messages is
M= {7 Jie [Ln]bu ™" Jie [Lnlu{s"™ U U
{7 aespu{e™ 7l [aeniu
{endV 1} U {end'W,_)L} U {el=1Y;

e B = (Sr,sb, M, —s) where:

Sr=A{a,45. 95} U{g; | i € [1,n]}
I

SO - qo I—>W

— 1= {qy——q; | i € [1,n]} (29)

/I—>W’
U{g——qq | i € [1,n]} (30)

|$IaW
U{go—gs} (31)

|$/I—>W
U {Q$—>Q$/} (32)

e By = (Sw,sy , M,—sw) where:

SW = {Qanf7q$7QE} U {ql,] ‘ (RS [lan]aj € [07 ‘w’t‘ - 1]}
S(I;V - qo 21w
—sw={gp ——— ;g | i € [1L,n]} (33)

U{ai, o %1 |

O[:wij+1,l'€[1 TL] j € [1 ]wi|—2]} (34)
W—>L
U{qz|wl\ IEQf‘a_whuhze[l n]} (35)
U{qy il %o | 1€ [1,n]} (36)
r;$I—>W
U{gr — g5} (37)
lendW —L
U{gg —— a.}s (38)
° BW’ = (SW/7SE]/V/,M, —>W/) where:
Sy = {‘Iquf,qsque} U {Qi,j | (S [Ln]?j € [07 |wl’ - 1]}
ng/ = )
24 1I—-W
—wr={gg —— @ | i € [L,n]} (39)
/W —L
U{qZ] —>Q'LJ+1 ‘
Q= z',j—i—lﬂZE [1,n],j€ [1,|U};|*2]} (40)
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1o/W' =L , .
UG o1 — 45 @ =wy i € [Lin]} - (41)

7i/I~>W’

Ufgp —— g0l i €[1,n]} (42)
?$/I~>W’

U{qy — a5} (43)
lend'W' =L

Ufgg —— ¢} (44)

o B = (SL,SOL,M, — 1) where:

SL = {q()vqevqelvqok7Q*} U {qa‘a € Z}

36 — % WL
? —
—1={¢p —— ¢s |0 €T} (45)
?a/W/—>L
U{gy — ¢ | @ €%} (46)
?5/W’—>L
U{qa—>Q* | 562,5#04}
2end'W' =L
U {CIoz en—> CI*} (47)
2o/W'—L 2end'W' =L

Ulgo —— ¢.} U{eo —— ¢}

?endW L

— .}

7/3W~>L
U{qa4—°_>Q* | ﬂeE}U{QQ

?O(WHL
U{ge —— a. | e X}
?O‘/W/%L
U{g " g | aex) (48)

?a/W’HL

?W~>L
U{g, —— ¢, |aeStU{q, —— ¢, |a e}

i
2endV L ?end'V —L

U{gy —— ¢ }U{¢, —— ¢, } (49)
2endWV =L
U{gp — ¢ } (50)
?end’W/_’I
U{ge —— g0 } (51)
lokL—1
U{qe — Qo }s (52)

o F={(q}.q.d"" a5}

Next, we give an informal explanation of previous definition. Please refer
to Figures 7?7 to ?7? for a better understanding.

Automaton By chooses an index, sends it to By (transitions ?7?) and
goes to the corresponding state. Then it sends the same index to By and
returns in its initial state (transitions ??). To finish the sequence of indices,
it send messages $ (transition ??) and $' (transition ??). For example, in
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Figure 77, it can send message 27" and goes to state ¢,. Then, it sends
message 21=W" and returns in state qyo- When the sequence of indices is
finished, it sends $/7"W, goes in state qg, sends $7=W" and goes in state g/ -

Automaton By, and respectively By, receives an index from By (tran-
sitions ??7 and ?7) and send the letters of the corresponding word to Br,
(transitions ?? and ??). Note that the send trace allowing to reach the
global final state alternate a letter of By with a letter of By/. At the end of
each word, the automaton is in state a5 (transitions ?? and ??) in which it
can either receive a new index (transitions ?? and ?7), or receive message $,
respectively $' (transitions ?? and ?7?). If it receives $, it sends message end,
respectively end’, to By, (transitions ?? and ??). For example, if B; begins
by sending index 2, as we can see in Figure 7?7 and ??, By and By~ go in
state gs . By sends bV 7L and goes to qy; then By sends YW'=L and goes

to state gy . It has to wait the next letter of By before sending a’"V' =L and

going in state gy 5, or By, would receive two letters from By consecutively
and go in state gq,.

Indeed, automaton By, receives a letter from By and goes to the cor-
responding state (transitions ?7). If it receives the same letter from By,
then it goes back to state g, (transitions ??), otherwise it goes to state g,
(transitions ??) which, as in previous encoding, can be seen as a sink state
(transitions 7?7 and ?7?). For example, as we can see in Figure 7?7, Figure 77
and Figure ??, if By and By received index 2, By sends bV 7L, By receives
it and goes in state g,. Then, By~ sends YW'=L and By, returns in qp- As
we said previously, if By sends a’ W'—=L immediately, By, goes in state q,.

If all comparisons of letters of By and By succeed until messages end
(transition ??) and end’ (transition ??), By, is in state g,. If the system
is asynchronous, then By can send message ok, otherwise if the system is
synchronous, then By can send message ok only if By is in state ¢, from
which it can receive ok (transition ?7).

Example 5.1 (Encoding). We take instance (W, W’) of PCP of Ezample 77?.
Encoding W, W'|'"1 is network N' = ((Bp)pep, M, F) with
P = (I,W,W' L). Figures 77,72, 2?7 and 77 represent these automata.
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Figure 5.4: Automaton By
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Figure 5.5: Automaton By,

5.2 Undecidability of Synchronizability Problem for mailbox
systems

We will prove that the asynchronous system, based on the encoding of a
PCP instance (W,W’), is synchronizable if and only if the instance has a
solution. Proofs of the results in this section can be found in Appendix ?77.

Indeed, the language associated to the synchronous system, based on the
encoding of this instance, is empty. The system can not reach its global
final state because of message ok which can not be sent since it can not be
received.

Lemma 4. Let (W,W’) an instance of PCP and [W,W']™% = N its en-
coding into communicating automata, then L(Ny) = 0.

Within asynchronous communication, this message ok can be send only
if the encoded instance of PCP has a solution. So the global final state can
be reached, and the language is not empty, only if it exists a solution.

Lemma 5. For all instance (W,W’) of PCP where W, W™ = N,
(W, W’) has a solution if and only if L(Ni—_100) # 0.

Therefore, the system is synchronizable if and only if the encoded instance
does not have solution.

Lemma 6. For all instance (W,W’) of PCP where [W, W™ = N,
(W, W’) has a solution if and only if LINg) # L(Ni_1).

Thus, from these lemmas, we can establish the undecidability of synchro-
nizability for mailbox systems.
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Theorem 2. The Synchronizability Problem is undecidable for mailbox sys-
tems.

Remark 6. In mailbox communication, we can not work without the notion
of global final state, as in peer-to-peer communication. Synchronizability
without global final states for mailbox systems remains an open problem.

6 Related Works

Several authors have looked at the notion of synchronizability or other no-
tions related to it.

In [?], Basu and Bultan defined synchronizability over language based
on send traces only, which amounts with our definitions to all states being
final. In this paper, the authors establish a hierarchy of synchronizability
and they claim that, for all networks N:

Niype s synchronizable if and only i f L(Ny) = L(Niypeos)

for type € {1 — 1;% — 1}. They also study other types of asynchrony, shared
memory systems and bag systems where there is a unique FIFO buffer and
respectively a unique buffer which is not a FIFO, to store all messages.

However, in [?], Finkel and Lozes prove this first assertion is false, with
counter-examples for systems with both peer-to-peer (1 - 1) and mailbox
(* - 1) communication (see Figure ?? for mailbox systems). Furthermore,
they prove that the Synchronizability Problem is undecidable for peer-to-
peer systems.

Other works, even if they differ by the type of trace that is observed and
by the modelling of systems, are close to ours. Genest et al. in [?] studied
deadlock-free distributed systems, with a peer-to-peer communication. Here,
they are not interested in send traces but in Mazurkiewicz traces (see |?] for
more details). Intuitively, these traces keep both sendings and receptions but
allow permutations between some actions. In order to model communica-
tions, they use Message Sequences Charts (MSC). They also use the notions
of final state to study systems. More precisely, they seek to know if these
systems are universally or existentially bounded, and specify when this is
decidable. A system is universally bounded if it exists a bound B such that,
regardless of the schedule of the actions, every run can be executed with a
maximum of B transitory messages in the system, and existentially bounded
if every runs can be rescheduled (according to the definition of Mazurkiewicz
trace) such that they can be executed with a maximum of B transitory mes-
sages in the system. This last property is close to the notion of stability,
indeed if a system is existentially bounded, it means that all traces can be
executed respecting a bound for the buffers.

In [?]|, Bouajjani et al. studied Mazurkiewicz traces on mailbox systems
and model them with MSC. The observed property is the k-synchronizability,

30



which is close to the notion of stability. They establish properties on conflict
graphs characterizing k-synchronizable traces and also study the decidability
of the k-synchronizability.

7 Conclusion

During my internship, we focussed on the property of synchronizability. In a
synchronizable system, the behaviour is independent from the type of com-
munication. This entails that a synchronizable system can be analysed with
tools for synchronous systems that are, in general, more powerful and effi-
cient (e.g., properties for synchronous systems are in general decidable).

More precisely, we looked at the decidability of the synchronizability
problem, first for peer-to-peer systems, and then for mailbox systems. For
the former, we proved the undecidability of synchronizability with an alter-
native proof than the one presented in [?|. For the latter, we showed the
undecidability of synchronizability with the additional constraint that not
all states are final.

Deciding synchronizability for mailbox systems in the general case re-
mains an open problem, that will be the focus of my first phd year. More
broadly, other questions would need to be addressed. Tt would be interesting
to know if classes of systems for which the problem is decidable exist, and so
to find conditions that would imply the synchronizability of the system by
construction. Finally, we might also ask what properties could be induced
by the synchronizability of a system, like for instance deadlock freedom.
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Appendix A Proofs of Section 77

Lemma 1. Let (W,W’) a PCP instance and [W, W']P?P = N its encoding
into communicating automata, then L(Ny) = 0.

Proof. By contradiction, we suppose L(Ny) # (. Thus let t/ a final send
trace such that t/ € L(Np). As (¢V, qu’,qfk, qé,) is the unique final global
state and by definition of final send trace, we have: tf = acty-acty- ... -act,
such that

w W' L I act act acte w W' L I
(g0 »q0 -~ aqO),B@) :05 C4 :0% :O$ ((¢)" »q. ,qok,q$,),B®)

By construction, there is a unique transition in Ay to reach state qgk:

L okt g f L1 o
g, —1 q,, so Jacty € t/ such that acty = lok . The communication

being synchronous, a sending must occur together with its reception (see

rule (0 SEND)). By construction, there is a unique transition in Aj for the

. 20kl =1 . "
reception of message ok: ¢! —=——; ¢l. However, there is no transition

from ¢! to qé,. So, after the sending of message ok, the global final state is
not reachable. Thus, ¢/ can not exist and £(Ny) = 0. O

Lemma 2. For all PCP instance (W, W’) with [W,W']|F?? = N, (W,W’)
has a solution if and only if LIN1_1) # (.

Proof. =

Let Soliw,wn = (1,92, .. .,4m) be a solution of (W,W’). For each index
k € Soly wy, corresponding words in W and W’ are
Wg = Wk 1Wk2 - - - W juy,| A0 W), = Wy Wy 5 - .w%‘wu respectively.

Take a send trace t° of the following form:

s _ 1 W—I W—L W—L W—L
t —_— !Zl * !wihl N !wil’Q e e e " !wilv‘wi1| *
W=I WL WL, AW =L
lig fwy, 1 Mwy, o e g
\W—=I1 4, W—=L 4 WL e W—L eW—=I W—L |
i, hw; " 77wy S s twp e 18 lend
SW! 1 W' —L W' L W'—L
!Zl . !wll’l * 'w1172 * e ° 'w“’|w;1‘ .
W1 W' —L W' L W' =L
!22 N !wi2’1 * !wi272 e . " 'w127|w;2‘ N
;W' —=I o )W =L, /WL Sl /W =L /W' —I W' =L
i, lw; " ;" SR '$ lend
!Ok,L—ﬂ

We show that t5 € L(Nj_1=). Trace t* corresponds to the following run.
First, Ay sends indices included in [i1, iy,] and corresponding words in W.
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!,L'W%I

((Q(I)/V7Q(‘)/V/7Q(I)l7q(l))aB@)l—oo>((qx/07qg‘//7qgaq5))31 - Bm{bWI/bW[ : Zl})
1-1 )

ol :
— (@0 0 %), By = Bi{bwr/bwr - wi a})

fw; 2 /
1—>(<q1‘/¥,27 ng 7Qé/7 qé)7 Bl’{bWL/bWL . wil,Q})

((q’}/K‘wiﬁ—z’ Q(‘)/V 7q55 Qé)a B2)

lwW—L
if,lwg, [—1 w' L I
171:0 ((qg/}/,|wil|717 d0 90 7q0)7 B2’ = BQ{bWL/bWL ! wi1,|wil|*1})
lwW—L
T |wiy | /
ﬁ((qy, 90+ 46>90)s B {bwr/bwr - wiy ju,,|})
’ !i,‘/x*}[ ’ .
((q‘?/7 Q(‘]/V 7q([)/7 q(I))a B3)m((qg:’07 ng 7q([)/7 Q(I))a B3' - B3{bWI/bWI Ul 1})
it /
ﬁ((qm,p @ ag-40), By» = By {bwr/bwr - wi,, 1})
il ,
——i%((q'}},[,/“% Q(I)/V ’q(g/v q(j]), B3”{bWL/bWL : wim,Q})

1-1°°

|wW~>L
’ i7nw‘wim [—1

((qK7‘wim|,27nglvQOLaq(€>7B4) 1_100

(4 s, |-1290 40+ 90)s Bar = Ba{bwr/bwr - wi, juw,, |-1})

lwW—L
Tim,wg,, | /
1—1%° ((Q}/Vv Q(‘)/V 7Q([)/7 Qé)7 By = By{bwr/bwr - wim,|w¢m|})

Next, it sends messages $ and end indicating to A; and Ay the end of
messages of Ayy.

!$WHI /
W((qg/vqgv .46, a5): Bs = Ba{bwr/bwr - $})

lendW —L /
(@ a0 a0+ %), Be = Bs{bwi/bwr - end})

1—100 €’

33



At this state, buffers by and by, are filled with indices and letters of
words in W respectively. Next it is the turn of Ay.

W T
I3

———((¢", 911 0,90+ 4, Ber = Be{bw1/bwr - i1})

, ’
T((qgva Q@Vlv,la q(l)/a Q(I))7 B6” = BG/{bW'L/bW'L : wgl,l})
!w{W;—)L

#((q;}v, qZVK27 qéla Q(I)), B6//{bW/L/bW/L . wglg})

((QZ/,QK|w£1‘_2, Qév qtl))y Br)

/
W =L
11,|wi1 [—1

w W’ L I
e ((ge iy fu |10 90 ,q0), By = By{bwir/bw, - w;17|w§1|71})

!w/W/aL
i1,|w2 | !
—= (@ ar a0 90), Brr{bwon fbwer - i, p (})
, W' =1 ' j
((g" a5 4t 90)s Bs) 5= (0", 41y, 0040+ 90)s Bsy = Bs{bwra /bwri - a})
!wile_w w W' L I !
— (e 41040 40) Bsr = B {bwrr /b - wi, 1})
Wil W w1 ’
T((Qe 1 in,2> 90 > QO)a BS”{bW’L/bW/L ’ wim72})
!w’.W/‘_CL‘ 1
(0" iy g, -2 90 90): Bo) — 15—

(¢, qK,mgm\—pqé: a5), By = Bo{bwr1/bwr, - wngw;ml—l})

!w/W’%L

i'm»\w;m\ /

=T (¢, a4, ab), Byr = By {bwr1/bwr, - wgm,\w;mﬁ)
!$,W/*>I (( w W’ L I B _ B b b $/
TR 1405 90), Bro = By {bwr/bwr - §'})
! d/W’—>L /
enl_loo (¢, q)" ,a§. ab), Bir = Bro{bwrr/bwry - end'})
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At this state, buffers by and by, are filled with indices and letters of
words in W', respectively. Now the network proceeds by comparing indices.

(g, aY  qk,ab), Bi1)

?’ILW*}I

—>1i1c>o (¢, q)" 4§ al), Biv = Bin{bwr = i1 - by /by })
?,L‘IW/%I w W I I ) , ,
1—1%° ((qe yde 540 7q0)7 Bll” = Bll’{bW’[ =1 W’I/bW’]})
T W WL TN B
T ((2e 1 qe + 905 %y), Biiw = Bur{bwr = iz - by /iy })
vl W owe g P ,
1-1% ((ge g 40 90), Bivm = Buw{bwir =iy - by /by })

(g, aY" ,qk,4b), Bi2)

?iW%I
“tm

1_10° ((qgvﬂ QZV 7Q(€J7 QiIm)7 BIQ’ = bl?{bW[ = lm . bg/VI/b{/VI})
Wl wowr p Biow — B g ,
1—-1%° ((qe yde 540 7q0)7 12" — 12’{bWI =y bW’I/bW’I})

?$W~>I /
— (@, ¢ 45, 45), Brz = Bron{bw1 = $/0})
WL W oW DT _ buir — $ /0
F((Qe y4e 7QO7Q$’)7Bl3 _BIQ”’{ W'l — / })
At this state, buffers by ; and by are empty and comparison of indices
by Aj has succeeded, as witnessed by state qé,. If this was not the case, the

automaton would be in state ¢. The same task is carried on letters:

(@Y, a" db.dk). Bis)

it w w1 I / /
T (g4 @, 98), By = Bislbwr = w1 - b /bwi})
?wm}{_w w W' L I / / /

11 ((ge > qe 40, Q$/)a By = Big{bwr = wil,l‘bW’L/bW’L})

(@, qY" af.dl), Bra)

?wW?L |
tm (Wi, w WI L
—>((q6 s e 5 G,

1= il |7 Qgé/), By = 314{bWL = Wiy, Jwiy, | b?/VL/b?/VL})
?w’.W/‘_’,L |

im,|w; /
— =@ 6" a0 a), Bur = Buarbwe = s bwrn /Yy })
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? dW%L /
ef—loo ((qgvv ng 7Q£7 q${’)7 B15 = Bl4{bWL = €7’Ld/®})
2Zend'W' L

1100 (@, a" a5, ad). Bis = Bis{bwrp = end'/0})

At this state, buffers by, and by are empty and comparison of letters
by Az, has succeeded, as witnessed by its state qeL,. If this was not the case,
the automaton would be in state ¢~. Finally:

!okL%I

((qZV’ ng/; q(g/? Qé/)7 Blﬁ)?)((qgv? qg[/lv q{;k: %é’)v BIG{bLI/bLI ' Ok})

Global state (qZV, ng/, qOLk, qé,) reached with this run is the final global state
of the network and ¢t € L(N1_1). Thus L(N1_1) # 0, concluding this side
of the proof.

=

If L(Ni—10) # 0 then 3 ¢t € L(N_1~). As (qZV,qZV/,qfk,qé,) is the
unique final global state and by definition of language, t is a final send trace
and we have: t = actjacty . .. act. such that

/ t t te /
(@ a0 a6 40). BY) %53 0 53 55 (0, 0! ko 4§), Be)

Notice that in order to reach qZV and qu’,

e Jact,acty € t,i,i' € [1,e], where act; =!V =1 and acty =!j

7,7 € [1,n] and j = j', i.e., Ay and Ay have sent at least one index,
with the same index (and the associated word),

IW'—1
)

e Jacty,acty,acty,acty € t, f, f',9,4 € [lie],i< f<g, i <f <¢g,

! /
where acty =1$"V =1 actp =187 acty =lendV 7L acty =lend™V L.
Moreover, to reach qé , we have that:
e 3k € N* such that ¢ contains m}V =1, m¥V=1 . m,ZVﬁI in this order
! ’ / . .
and m‘f‘,’ -1 mg‘,/ =L mE,/ ~1 in this order,

o Vi,i' € [1,k], mV 2T = jW=T and mlV' =1 = jW'=1 with § € [1,n],

Z/

i.e., the sequences of indices sent by Ay and Ay to A must be equal.

Finally, to reach qfk, we deduce that:

e 3l € NT such that ¢ contains m}" 7%, miV =L ... m!V =L in this order
! ! / . .
and mPV L V=R WL i this order,

o Vic[1,0], M2 = a1 and mV' 2L = /WL with a € %, e,
the sequences of letters sent by Aw and Ay~ to Ar must be equal.
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e Jact, € t such that act, = ok®! and A; can reach qfk.

Then, if the network is in a final global state, indices and letters sent by
A and Ay are equal. So trace t contains a solution of instance (W, W’)
that can be found by extracting the messages sent by Aw to Aj:

WoI W W T
Solpwwy = (my 7F,my T my )

O]

Lemma 3. For all instance (W, W’) of PCP where [W, W']|P?? = N, (W,W’)
has a solution if and only if LINy) # L(N1_1).

Proof. Let (W,W’) be an instance of PCP.
=

By Lemma ??, if (W,W’) has a solution, then L£L(Nj_1~) # (. By
Lemma ??, we know L£L(Ny) = 0. Thus, if (W,W’) has a solution, then
L(Ny) # LIN1-1).
=

By Lemma ?7, [:(./\[0) ={. If ﬁ(N()) #* £<N1_100) then ,C(Nl_loo) #* 0.
So, by Lemma ?7, (W,W’) has a solution. O

Theorem 1. The Synchronizability Problem is undecidable for peer-to-peer
systems.

Proof. According to Lemma 7?7, an instance of PCP has a solution if and only
if the language of the peer-to-peer encoding of this instance is not synchro-
nizable. The encoding of the Post Correspondence Problem is a reduction
to the Synchronizability Problem for peer-to-peer systems. The Post Cor-
respondence Problem is an undecidable problem, then the Synchronizability
Problem for peer-to-peer systems is undecidable. ]

Appendix B Proofs of Section 77

Lemma 4. Let (W,W’) an instance of PCP and [W, W% = N its en-
coding into communicating automata, then L(Ny) = 0.

Proof. By contradiction, we suppose L(Ny) # 0. Thus let ¢t a final send
trace such that ¢t € L(Np). As (qy,qgvl,qfk,qé/) is the unique final global
state and by definition of final send trace, we have: t = actiacts...act,
such that

w W' L I act act acte w W' L I
(g0 »q0 -~ 7QU),B@) :05 C4 :03 :Og ((¢)" »q. ,qok,q$,),B®)

By construction, there is a unique transition in By, to reach state qOLk:

L okt g L1 o
q; ——L Gy}, S0 Jacty € t such that acty = lok . The communication

37



being synchronous, a sending must occur together with its reception (see
rule (Sync. SEND)). By construction, there is no transition in By for the
reception of message ok. So, it can not be send and By can not reach qOLk.
Thus ¢t does not exist and L(Ny) = 0. O

Lemma 5. For all instance (W,W’) of PCP where W, W]m% = N,
(W, W’) has a solution if and only if L(Ni_1o0) # 0.

Proof. =

Let Soliw w = (i1,12,-..,im) be a solution of (W,W’). For each index k €
Sol(w,w), corresponding words in W and W’ are wy = wg1wg2 .. Wi ||
and wj, = wp Wiy ... w;€7|w;€| respectively.

Take a send trace t° of the following form:

. . /! . . /
t5 = =W oW =W
. 117 . ‘17/ ]17 ]17/
!27In ) ‘ZZL ’ '$I ’ !$/1 ’
! !
!xll L. !x’ln . !x2” . !x’2[ L

! !
!xZV—>L . 'l';JW —L !endW—>L . !end'W —L !Ok,L—ﬂ

with
w __ W—L _ _W—L W—L W—L
tY = (o TRy T a7 end )
_ W—L W—L W—L W—L W—L W—L
= (wil,l ,wihz geeey i1,|wi1" 12,1 ’wi272 )..-,wi27|wi2‘,
W—L W—L W—L
Wi T Wi g W )
and
w _ W' =L _IW'—L W' L W' —L
Y = (2] , Ty sy T ,end )
o W'—sL | W'—=L W' —L W'—sL  IW'—L W' —L
= (Wipn Wi inwiy [ Wig, 1 Wig2 e Wiy iy
W'—sL  IW'—=L W' L
Wiy 1 > Wiy 2 5o z’m7|wz‘m’|)

We show that ¢t € L(N,_1>). Trace t corresponds to the following run:
First, B; sends indices to By, and Byy:.

, !Z‘IHW , )
(@, a a" &), BY———=((d!,aV . al"", a&), By = B {bw /bw.i1})

*—1%°
ST W/
4

—>((Q(€’q(‘)/vv q(l)/V,’qé%Bl{bW//bW’-i/l})

*—1°
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'I~>W

(g alV aY", ab), B1f)—>((q1m,qo vatY",a&), Brr = By {bw /bw.im})

|,L‘II—)W/
'm

—>((qéquV7QgV,7q(§/)732 - Bl”{bW//bW/'i/Tn}>

*—1°

At this state, By sent all indices to By and By. He has left messages $
and $’ to send.

|$I~>W

(g, a b)), By = Ba{bw /bw $})

*—1°
!$/I~>W'
F((%{quvﬂo ,4¢), B3 = B {bw /by.$'})
At this state, buffers by and by are filled with indices sent by B and
By is in its final state. Now, By and By will read indices and send corres-

ponding words to Br.

I~>W

((qéhqa/vvq(l)/‘//’(ﬂ%) Bg)—>((Qé,,q;/Ko,ngl,q&%Bg/ - B3{Z1bW/bW})

. /
?zlll—>W

—>((Qé/7 qzVKOv qZVK0> Q€)a BB” = B3’{Z/1bW’/bW/})

*—1°
I W—L
1

——— (g8 a1, @0, 48, By = By {br/brwi, 1)

|/W —L
1

T((q$/’qzl,1>qzl,lvq0) B3”/{bL/bL'wz,'1,1})

7$I~>W

(a4 af" a6) Ba)——((ad, 4"} a§)), B = Ba{$ - bw /bw'})

-7$/I—>W L ,
———((af 505" i), Bor = Bu{S' - b [bw})
lendW —L

e ((af a0, ab), Buw = Bur{br/bp.end})
| d/W’%L /

S (a0l alY ), Bs = Bun{bu/by.end'})

At this state, By and By have sent all letters to By, and their buffers
are empty. Now, By will compare these letters.

, ?xW%L ,
(g5 0> 4" a6), Bs) (a5 @ 4t 4z,), By = Bs{w1.br/bL})

? /1W —L

T((qé/’ de > 4e ’qé)v By = B5’{x1 ’ bL/bL})
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?xW%L

((ad a0 ), Be)———((a a?¥ @ ¢%,), Be = Bs{wy - br/bL})

*—1°

2p!W' L ,
U—>((qé/a QZV> q}z/V 3 Q(g/)v BG” = BG’{x; . bL/bL}>

*—1°
? dW*}L /
L (0¥ Y b, Bon = Bor{end by b )
? d/W’—>L /
(a0t 0l ab), Be = Borfend by /bi})
At this state, buffers by, is empty and comparisons of letters have suc-
ceeded, as witnessed by its state qeL,. If it was not the case, it would be in

state gL, So, it can send message ok.

!okL"I

((qéuqy/vng/7Q§)7B7)—>((qu;/7qgvaqE//7Q£JIg)7B7{bI/bI-Ok})

*—1°°

Global state (qf,, ¢, g, q4) reached with this run is the final global
state of the network and t € L(N,_1>). Thus L(N._1=) # 0, concluding
this side of the proof.

=

If L(Ns_10) # 0 then 3 t € L(N,_1). As (qé,,qgv,qg//,q(fk) is the
unique final global state and by definition of language, t is a final send trace
and we have: t = actiacts . .. acte such that

/ t t te /
(g ol ab) B 22 €0 252 (g ¥ g gl B)

Notice that in order to reach qé:

e Jk € N* such that ¢ contains mi =W, mi=W . mI=W in this order
! ’ /. .
and mi7W' mIPW 0 mEP W in this order,

o Vi,i' € [Lk], mV =T = jW=T and mlV' =1 = /W21 with j € [1,n],
i.e., sequences of indices sent by By to By and By are equal.

Moreover, to reach ng and ng/, we have that:

e I m;,my € t, i,i' € [l,e], where m; =?5/7" and my =7j

j € [1,n], i.e., By and By receive at least one index (and send the
associated word),

H—Ww'
)

e Impmp €t, f,f € [Le], i < f, i < f',f < f, where my =
lendV =L my =lend™ =L ie., By and By send messages of end of
sequence of letters to By, after receiving at least one index.

Finally, to reach qOLk, we deduce that:
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e Jl € N* such that ¢ contains m}V =L, mlV' =L .. m/V =L in this order
!’ ’ / . .
and m{V' 7L V'L mW =L in this order,
o Vic [1,0], M7 = a2 and mV' 7L = o/W'2L with a € %, e,
sequences of letters sent by Ay and Ay to Ap must be equal.

e Jact, € t such that act, = ok and Ay, can reach q(fk.

Then, if the network is in a final global state, sequences of letters sent by
Ay and Ay are equal. So trace t contains a solution of instance (W, W’)
that can be found by extracting the messages sent by B; to Byy:

I—-W I—-W I—-W
Solpwwy = (my 77 my L my )

O]

Lemma 6. For all instance (W,W’) of PCP where W, W]m¥ = N,
(W, W’) has a solution if and only if LINy) # L(Ns—1).

Proof. Let (W,W’) be an instance of PCP.
=

By Lemma ??, if (W,W’) has a solution, then L(Ns_1~) # (. By
Lemma ?7?, we know £(Np) = (). Thus, if (W,W’) has a solution, then
L(Ny) # LN 1)
=

By Lemma ??, L(Ny) = 0. If LNy) # L(Ni—1) then L(N,_1=) # 0.
So, by Lemma ?7, (W,W’) has a solution. O

Theorem 2. The Synchronizability Problem is undecidable for mailbox sys-
tems.

Proof. According to Lemma ??, an instance of PCP has a solution if and only
if the language of the mailbox encoding of this instance is not synchronizable.
The encoding of the Post Correspondence Problem is a reduction to the
Synchronizability Problem for mailbox systems. The Post Correspondence
Problem is an undecidable problem, then the Synchronizability Problem for
mailbox systems is undecidable. O
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